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We discuss an extension of the minimal Higgs triplet model with a classically conformal
invariance and with a gauged U(1)B−L symmetry. In our scenario, tiny masses of neutrinos
are generated by a hybrid contribution from the type-I and type-II seesaw mechanisms. The
shape of the Higgs potential at low energies is determined by solving one-loop renormalization
group equations for all the scalar quartic couplings with a set of initial values of parameters
at the Planck scale. We find a successful set of the parameters in which the U(1)B−L
symmetry is radiatively broken via the Coleman-Weinberg mechanism at the O(10) TeV
scale, and the electroweak symmetry breaking is also triggered by the U(1)B−L breaking.
Under this configuration, we can predict various low energy observables such as the mass
spectrum of extra Higgs bosons, and the mixing angles. Furthermore, using these predicted
mass parameters, we obtain upper limits on Yukawa couplings among an isospin triplet Higgs
field and lepton doublets from lepton flavor violation data.
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2I. INTRODUCTION
The existence of the Higgs boson has been established by the LHC experiments [1, 2], which has
given us the important guideline to consider physics beyond the Standard Model (SM). Namely,
the Higgs sector has to contain at least one physical neutral scalar particle with its mass of about
125 GeV whose property is consistent with that of the Higgs boson in the SM [3, 4]. This situation,
however, does not necessarily exclude possibilities to consider non-minimal Higgs sectors, e.g., a
model with additional isospin multiplet scalar fields. Such a non-minimal Higgs sector often appears
in various new physics models beyond the SM, and its property depends on a new physics scenario.
Therefore, reconstruction of the structure of the Higgs sector is quite important to narrow down
new physics models.
On the other hand, the discovery of the Higgs boson gave us a good opportunity to seriously
consider what is the origin of the negative mass term in the Higgs potential as it has been discussed
for a long time. One of the excellent explanations for this issue was proposed in the famous paper
by S. Coleman and E. Weinberg [5], in which all the dimensionful parameters are forbidden by a
classical conformal invariance (CCI), and the negative mass term is generated by a quantum effect.
However, it has also been well known that the Coleman-Weinberg mechanism does not work to
realize the spontaneous electroweak symmetry breaking within the SM particle content, because
of the too strong negative contribution of the top quark loop [6]. In order to have the successful
electroweak symmetry breaking, we need to have additional positive bosonic loop contributions.
Therefore, extensions of the bosonic sector, e.g., introducing additional scalar multiplets and/or
extra gauge symmetries, are good match in the scenario with the CCI [7].
In this paper, we consider an extension of the minimal Higgs Triplet Model (HTM) with the
CCI and with a gauged U(1)B−L symmetry. The HTM is one of the well motivated non-minimal
Higgs sectors, because it gives a simple explanation of tiny neutrino masses [8]. In our model, the
electroweak symmetry breaking is triggered by the radiative breaking of the U(1)B−L symmetry
at an O(10) TeV scale via the Coleman-Weinberg mechanism. Majorana masses of left-handed
neutrinos are then generated through a hybrid contribution [9, 10] of the type-I [11] and type-II [8]
seesaw mechanisms. In our scenario, low energy observables such as masses of Higgs bosons and
mixings can be predicted by using the one-loop renormalization group equations (RGEs) with a
set of fixed initial values of model parameters at a high energy.
This paper is organized as follows. In Sec. II-A, we first explain the setup of our model, and give a
particle content. We then investigate how the B−L and the electroweak symmetries are successfully
3broken in Sec. II-B. In Sec. II-C, we discuss the lepton sector of our model especially focusing on
the neutrino mass generation and lepton flavor violation (LFV) processes. In Sec. II-D, we give
the kinetic term Lagrangian for scalar fields. In Sec. III, we numerically solve the one-loop RGEs,
and give predictions of low energy observables. Conclusions are given in Sec. IV. In Appendix, we
present the analytic expressions for the one-loop beta functions of all the dimensionless couplings
in our model.
II. THE MODEL
A. Setup
We consider an extension of the minimal HTM with a CCI. In the minimal HTM, a scalar trilin-
ear interaction µΦT (iτ2)∆
†Φ, where Φ(∆) is an isospin doublet (triplet) field with the hypercharge
Y = 1/2 (1) plays an important role to give Majorana masses for neutrinos at the tree level [8]. In
our scenario, however, this term is forbidden due to the CCI, but it is effectively induced from a
dimensionless coupling constant by introducing an additional isospin singlet scalar field ϕ as
λ0ϕΦ
T (iτ2)∆
†Φ. (II.1)
Thus, after ϕ gets a non-zero VEV, the µ term is effectively generated.
The value of λ0 coupling at an arbitrary scale M is determined by using one-loop RGEs with
a fixed initial value at an initial scale M0. Naturally, the λ0 coupling is given to be zero at a high
energy, e.g., the Planck scale, because the quartic vertex in Eq. (II.1) is expected to be forbidden
by global symmetries. For example, at high energies, the following global symmetry is expected to
be restored:
Φ→ eiτaθaΦΦ, ∆→ e−iτaθa∆ ∆ eiτaθa∆ , (II.2)
where τa (a = 1-3) are the Pauli matrices, and θΦ and θ∆ are the SU(2) rotation angles. Therefore,
if the model is invariant under the transformation of Eq. (II.2), the vertex in Eq. (II.1) is forbidden1.
However, once we input λ0 = 0 at high energies, the value of λ0 is always zero at low energy
scales, because the beta function for λ0 is proportional to λ0 itself at any loop levels as long as we
consider the HTM with ϕ. In order to avoid such a situation, we introduce right-handed neutrinos,
1 The ordinary isospin SU(2)L invariance is, of course, kept in Eq. (II.1) which corresponds to the transformation
in Eq. (II.2) with θΦ = θ∆.
4FIG. 1: The one-loop contribution to the λ0 coupling, where the Yukawa coupling constants yN , yD and y∆
are defined in Eq. (II.31).
Lepton Fields Scalar Fields
LL eR NR Φ ∆ ϕ
SU(2)L 2 1 1 2 3 1
U(1)Y −1/2 −1 0 +1/2 +1 0
U(1)B−L −1 −1 −1 0 2 2
TABLE I: Contents of lepton and scalar fields and their charge assignment under the gauge symmetry
SU(2)L × U(1)Y × U(1)B−L.
by which we obtain a term without proportional to λ0 in the beta function from the diagram
depicted in Fig. 1. It has been well known that right-handed neutrinos with three flavors can be
naturally introduced in a model with a gauged B − L symmetry [12] due to the gauge anomaly
cancellation. We thus introduce the U(1)B−L gauge symmetry. In this case, when we assign a
non-zero charge of U(1)B−L to ϕ, it can be identified as the Higgs field which is responsible to
happen the spontaneous U(1)B−L symmetry breaking. Consequently, our CCI extended HTM is
defined as shown in Table I based on the SU(2)L × U(1)Y × U(1)B−L gauge theory.
B. Higgs sector
The most general form of the CCI Higgs potential under the SU(2)L × U(1)Y × U(1)B−L
invariance is given by
V (ϕ,Φ,∆) = λ1(Φ
†Φ)2 + λ2[Tr(∆†∆)]2 + λ3Tr[(∆†∆)2] + λ4(Φ†Φ)Tr(∆†∆) + λ5Φ†∆∆†Φ
+ λ6(ϕ
†ϕ)2 + λ7(Φ†Φ)(ϕ†ϕ) + λ8Tr(∆†∆)(ϕ†ϕ) +
(
λ0ϕΦ
T iτ2∆
†Φ+ h.c.
)
, (II.3)
5where λ0 is taken real without loss of generality by rephasing the scalar fields. The scalar fields
can be parameterized as
ϕ =
1√
2
(ϕR + vϕ + iϕI), Φ =

 φ+
φR+vφ+iφI√
2

 , ∆ =

 ∆+√2 ∆++
∆R+v∆+i∆I√
2
−∆+√
2

 , (II.4)
where vϕ, vφ and v∆ are the VEVs of the singlet, doublet and triplet scalar fields, respectively.
At this stage, we do not discuss how the B − L and the electroweak symmetry breaking occur, so
that the non-zero VEVs for ϕ, Φ and ∆ fields are not justified yet. In the following, we discuss the
spontaneous breaking of the B − L and electroweak symmetries.
First, we investigate the spontaneous breakdown of the U(1)B−L symmetry. We assume that
the VEV of ϕ is given to be a muti-TeV scale, which is required by the constraint from the LEP
experiments [13]. Because the magnitude of the VEVs of Φ and ∆ is expected to be the electroweak
scale, we can neglect
(
vφ
vϕ
)2
and
(
v∆
vϕ
)2
terms. In this case, we can separately consider the B − L
sector and the other sector relevant to Φ and ∆.
The renormalization group improved effective potential for the B − L sector is then given by
VB−L(ϕ˜) =
λ6(t)
4
G4(t)ϕ˜4, (II.5)
where ϕ˜ =
√
2Re(ϕ) and λ6(t) with t = ln(ϕ˜/vϕ) is the scale dependent coupling which is evaluated
by the one-loop beta function given in Eq. (A.16) in Appendix. The anomalous dimension G(t) is
given by
G(t) = exp
[
−
∫ t
0
dt′γ(t′)
]
, (II.6)
where the explicit form of γ in the Landau gauge is
γ(t) =
1
32π2
[
4Tr(y†NyN )− 24g2B−L
]
. (II.7)
In the above equation (II.7), yN and gB−L are the Yukawa coupling among the right-handed
neutrinos and ϕ defined in Eq. (II.31) and the U(1)B−L gauge coupling, respectively. The stationary
condition at the scale vϕ is given by
dVB−L
dϕ˜
∣∣∣∣
ϕ˜=vϕ
=
e−t
vϕ
dVB−L
dt
∣∣∣∣
t=0
= 0. (II.8)
This equation leads to a relation among the renormalized coupling constants at the potential
minimum such that
dλ6
dt
+ 4(1− γ)λ6 ∼ 1
16π2
[
20λ26 + 2λ
2
7 + λ
2
8 − 8Tr(y†NyNy†NyN ) + 96g4B−L
]
+ 4λ6 = 0. (II.9)
6FIG. 2: The renormalization group improved effective potential for the B−L sector. We use the parameter
set given in Table II.
In the perturbative regime, i.e., λ6 ∼ λ27,8 ∼ g4B−L ∼ y4N ≪ 1, we find a solution
λ6(t = 0) ∼ −1
4
1
16π2
[
2λ27 + 3λ
2
8 + 96g
4
B−L − 8Tr(y†NyNy†NyN )
]
. (II.10)
Thus, the B − L breaking scale can be found by looking at the intersection point of the running
of λ6 and that of the right hand side of Eq. (II.10). The squared mass of ϕR is then calculated at
the B − L breaking scale, i.e., t = 0 as
m2ϕ =
d2VB−L
dϕ˜2
∣∣∣∣
ϕ˜=vϕ
∼ −4λ6(0)v2ϕ, (II.11)
where we used dλ6/dt ≃ −4λ6 and d2λ6/dt2 ≃ g2B−Ldλ6/dt ≪ dλ6/dt. It is clearly seen that
λ6(0) < 0 is required to have the correct sign of the mass term and to realize the spontaneous
B −L symmetry radiatively. We can find a parameter space which satisfies λ6(0) < 0 as it will be
shown numerically in Sec. III.
In Fig. 2, we show the effective potential VB−L as a function of the order parameter ϕ˜ with the
parameter set given in Table II. In this case, we can find the minimal of the potential at around
10 TeV, and thus the B − L gauge symmetry is broken.
After the B − L symmetry breaking, i.e., ϕ gets the non-zero VEV, the mass terms for Φ and
∆ fields are effectively generated through the λ7 and λ8 terms, respectively. Furthermore, the
λ0 term gives the trilinear µ term as mentioned in the beginning of Sec. II. We thus rewrite the
7dimensionless coupling constants as follows:
µ2Φ =
λ7
2
v2ϕ, µ
2
∆ =
λ8
2
v2ϕ, µ =
λ0√
2
vϕ. (II.12)
In order to realize the spontaneous electroweak symmetry breaking which dominantly happens by
the doublet Higgs VEV because of the constraint from the electroweak precision data (see the
subsection II-D), a negative value of µ2Φ is required, which indicates necessity of a negative value of
the λ7 parameter. In Sec. III, we numerically demonstrate that the λ7 parameter gets a negative
value at the B − L breaking scale. Therefore, the electroweak symmetry breaking is successfully
triggered by the radiative breaking of the U(1)B−L symmetry.
At the scale below vϕ, the Higgs potential is then effectively described as follows:
V (ϕ˜,Φ,∆) = µ2ΦΦ
†Φ+ µ2∆Tr(∆
†∆) + µ
(
ΦT iτ2∆
†Φ+ h.c.
)
+ λ1(Φ
†Φ)2 + λ2[Tr(∆†∆)]2 + λ3Tr[(∆†∆)2] + λ4(Φ†Φ)Tr(∆†∆) + λ5Φ†∆∆†Φ
+
λ6
4
ϕ˜4 +
λ7
2
(Φ†Φ)
(
ϕ˜2 − v2ϕ
)
+
λ8
2
Tr(∆†∆)
(
ϕ˜2 − v2ϕ
)
+
λ0√
2
ΦT iτ2∆
†Φ (ϕ˜− vϕ) + h.c. (II.13)
The stationary conditions for φR and ∆R are given as
∂V
∂φR
∣∣∣∣
0
= 0,
∂V
∂∆R
∣∣∣∣
0
= 0. (II.14)
They give the following equations
µ2Φvφ +
1
2
vφ
[
2λ1v
2
φ + (λ4 + λ5)v
2
∆
]−√2µvφv∆ = 0, (II.15)
µ2∆v∆ +
1
2
v∆
[
2(λ2 + λ3)v
2
∆ + (λ4 + λ5)v
2
φ
]− µ√
2
v2φ = 0. (II.16)
From the above two equations, the two VEVs are given under v∆ ≪ vφ as
v2φ ≃ −
µ2Φ
λ1
, v∆ ≃
µv2φ√
2
[
µ2∆ +
1
2 (λ4 + λ5) v
2
] . (II.17)
In the following, we calculate the mass formulae of the physical scalar states from the potential
given in Eq. (II.13). In our model, there are one pair of doubly-charged, one pair of singly-charged,
one CP-odd and three CP-even physical scalar states. The squared masses of the doubly-charged
(H±±), the singly-charged (H±) and the CP-odd (A) scalar bosons which almost consist of the
8component fields of ∆ are given by
m2H±± =M
2
∆ −
λ5
2
v2φ − v2∆λ3, (II.18)
m2H± =
(
M2∆ −
λ5
4
v2φ
)(
1 +
2v2∆
v2φ
)
, (II.19)
m2A =M
2
∆
(
1 +
4v2∆
v2φ
+
v2∆
v2ϕ
)
, (II.20)
where
M2∆ ≡
µv2φ√
2v∆
. (II.21)
The mass term for the CP-even scalar states is obtained from the second derivatives of the CP-
even scalar states. We note that only for the ϕ2R term, the dominant contribution comes from the
one-loop effect as shown in Eq. (II.11). We then obtain the mass term as
V massCP-even =
1
2
(φR,∆R, ϕR)M
2
R


φR
∆R
ϕR

 = 12(H1,H2,H3) diag(m2H1 ,m2H2 ,m2H3)


H1
H2
H3

 , (II.22)
where each of the matrix elements is given by
(M2R)11 = 2λ1v
2
φ, (II.23)
(M2R)22 =M
2
∆ + 2v
2
∆(λ2 + λ3), (II.24)
(M2R)33 = −4λ6v2ϕ, (II.25)
(M2R)12 =
v∆
vφ
[v2φ(λ4 + λ5)− 2M2∆], (II.26)
(M2R)13 = −2λ1
v3φ
vϕ
− (λ4 + λ5)
vφv
2
∆
vϕ
+ 2
M2∆v
2
∆
vφvϕ
, (II.27)
(M2R)23 = −2 (λ2 + λ3)
v3∆
vϕ
− (λ4 + λ5)
v∆v
2
φ
vϕ
+
M2∆v∆
vϕ
. (II.28)
In Eq. (II.22), H1, H2 and H3 are the mass eigenstates, and mH1 , mH2 and mH3 (mH1 ≤ mH2 ≤
mH3) are the corresponding mass eigenvalues. The mass eigenstates are related to the weak eigen-
states by an orthogonal matrix R as 

φR
∆R
ϕR

 = R


H1
H2
H3

 , (II.29)
9where R can be described by three mixing angles. Therefore, the six independent matrix elements
given in Eqs. (II.23)-(II.28) are described by the three masses and three mixing angles. Because of
the discovery of the Higgs boson at the LHC, one of the CP-even Higgs bosons must be identified
as the discovered one. We can, for example, regard H1 as the Higgs boson with mass of 125 GeV,
i.e., mH1 = 125 GeV.
It is important to mention here that there appears a characteristic relationship among the
masses of H±±, H± and A under v∆ ≪ v as [14–17]
m2H±± −m2H± = m2H± −m2A = −
λ5
4
v2 +O(v2∆/v2). (II.30)
Therefore, these three mass parameters are determined by two input parameters, e.g., M2∆ and
λ5 if we neglect the O(v2∆/v2) correction. In addition, the sign of the λ5 parameter determines
the pattern of the mass hierarchy, namely, if λ5 > 0 (λ5 < 0), mH±± < mH± < mA (mH±± >
m
H±
> mA). The phenomenology of these Higgs bosons can be drastically different depending
on the pattern of the mass hierarchy. For example, the decay pattern of H±±, which is quite
important to test the HTM, strongly depends on the mass spectrum. If we consider the case of
λ5 < 0, H
±± can mainly decay into the singly-charged Higgs boson H± and theW boson. Collider
signatures for this case at the LHC have been simulated in Ref. [16]. On the other hand, if we
consider the case of λ5 > 0, H
±± can mainly decay into the same sign dilepton or the same sign
diboson depending on the magnitude of the Yukawa coupling hij defined in Eq. (II.31) and the
triplet VEV v∆. In the minimal HTM, in the case of v∆ . 0.1 (v∆ & 0.1) MeV, H
±± mainly decay
into the dilepton [18–20] (diboson [21–23]). In this case, the decay of the singly-charged Higgs
boson H± into H±± and the W boson can increase the number of events rate for H±± [24]. In
our scenario with the CCI, the mass spectrum can be predicted by using the one-loop RGEs as it
will be discussed in Sec. III.
C. Lepton sector
The Yukawa Lagrangian for the lepton sector is given by
LY = yiℓLiLΦeiR + yiNϕN ciRN iR + yijDLiL(iτ2)Φ∗N jR + yij∆LicL∆LjL + h.c., (II.31)
where the first term is the same as the Yukawa interaction for leptons in the SM. The second
and third terms respectively give the Majorana masses for N iR and the Dirac masses for left- and
right-handed neutrinos. Therefore, the type-I seesaw mechanism [11] is realized by these two terms.
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Finally, the last term in Eq. (II.31) also gives Majorana masses for left-handed neutrinos via the
type-II seesaw mechanism [8]. As a result, in our model, the neutrino mass generation corresponds
to the hybrid scenario based on the type-I and type-II seesaw mechanisms [9] expressed as
(mν)ij = (m
I
ν)ij + (m
II
ν )ij . (II.32)
The type-I and type-II contributions are respectively expressed as
(mIν)ij = v
2
φy
ik
D (M
k
N )
−1yjkD , (m
II
ν )ij =
√
2yij∆v∆, (II.33)
where MkN =
√
2ykNvϕ.
Regarding to the type-II contribution mIIν , the magnitude of the Yukawa coupling y∆ is con-
strained by LFV data. In our model, there are two types of the LFV processes, namely the tree
level ℓi → ℓjℓkℓℓ type processes and the one-loop ℓi → ℓjγ type processes. The analytic expressions
for the branching fractions of these LFV processes are obtained by
B(ℓ±i → ℓ∓j ℓ±k ℓ±ℓ ) =
1
8G2F
1
m4
H±±
∣∣∣ykℓ∗∆ yji∆∣∣∣2 (1 + δkℓ), (II.34)
B(ℓ±i → ℓ±j γ) =
αem
192G2F
(
8
m2
H±±
+
1
m2
H±
)2 ∣∣∣∣∣
3∑
a=1
yaj∗∆ y
ai
∆
∣∣∣∣∣
2
. (II.35)
By comparing the measured branching fractions of the LFV processes and those model predictions,
we obtain the following constraints on the combination of yij∆ couplings as [25]
|y12∆ y11∗∆ | < 2.3× 10−5 ×
(
m
H±±
TeV
)2
, from µ− → e+e−e−,
|y13∆ y11∗∆ | < 0.009 ×
(
m
H±±
TeV
)2
, from µ− → e+e−e−
|y13∆ y12∗∆ | < 0.005 ×
(
m
H±±
TeV
)2
, from τ− → e+e−µ−,
|y13∆ y22∗∆ | < 0.007 ×
(
m
H±±
TeV
)2
, from τ− → e+µ−µ−,
|y23∆ y11∗∆ | < 0.007 ×
(
m
H±±
TeV
)2
, from τ− → µ+e−e−,
|y23∆ y12∗∆ | < 0.007 ×
(
m
H±±
TeV
)2
, from τ− → µ+e−µ−,
|y23∆ y22∗∆ | < 0.008 ×
(
m
∆±±
TeV
)2
, from τ− → µ+µ−µ−,
(II.36)
and
|y11∗∆ y12∆ + y21∗∆ y22∆ + y31∗∆ y32∆ |2 < 2.0× 10−6 ×
m4
H±
m4
H±±
(8m2
H±
+m2
H±±
)2
1
(TeV)4
, from µ→ eγ,
|y11∗∆ y13∆ + y21∗∆ y23∆ + y31∗∆ y33∆ |2 < 0.12 ×
m4
H±
m4
H±±
(8m2
H±
+m2
H±±
)2
1
(TeV)4
, from τ → eγ,
|y12∗∆ y13∆ + y22∗∆ y23∆ + y32∗∆ y33∆ |2 < 0.16 ×
m4
H±
m4
H±±
(8m2
H±
+m2
H±±
)2
1
(TeV)4
, from τ → µγ.
(II.37)
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D. Kinetic term
The kinetic terms for the scalar fields are given by
Lkin = (DµΦ)†(DµΦ) + Tr(Dµ∆)†(Dµ∆) + (Dµϕ)†(Dµϕ), (II.38)
where the covariant derivatives are expressed as
DµΦ =
(
∂µ − ig2
2
τaAaµ − i
g1
2
Bµ − igmix
2
Cµ
)
Φ, (II.39)
Dµ∆ = ∂µ∆− ig2
2
[τaAaµ,∆]− ig1Bµ∆− i (gmix + 2gB−L)Cµ∆, (II.40)
Dµϕ =
(
∂µ − 2igB−LCµ
)
ϕ, (II.41)
with (g2, g1, gB−L) and (A
a
µ, Bµ, Cµ) being the (SU(2)L, U(1)Y , U(1)B−L) gauge coupling con-
stants and corresponding gauge fields, respectively. The gmix coupling is defined so as to be absent
the kinetic mixing between the U(1)Y and U(1)B−L gauge bosons. After the B−L and electroweak
symmetry breaking, the mass of the W boson is given as
m2W =
g22
4
v2, (II.42)
where v2 = v2φ + 2v
2
∆ = (
√
2GF )
−1 ≃ (246 GeV)2. For the neutral gauge bosons, the photon state
Aµ is obtained by the linear combination of A
3
µ and Bµ fields as in the SM:
Aµ = Bµ cos θW +A
3
µ sin θW , Z˜µ = −Bµ sin θW +A3µ cos θW , (II.43)
where Z˜µ is the orthogonal state for Aµ which can be mixed with the Cµ field. The mass matrix
for the massive neutral gauge bosons M2gauge in the basis of (Z˜µ,Cµ) is given by
M2gauge =
 g2Z4 (v2 + 2v2∆) − gZ4 [gmixv2 + 2(gmix + 4gB−L)v2∆]
− gZ4 [gmixv2 + 2(gmix + 4gB−L)v2∆] 4g2B−L(v2ϕ + v2∆) +
g2
mix
4 (v
2 + 2v2∆) + 4gmixgB−Lv
2
∆

 , (II.44)
where gZ = g2/ cos θW . The mass eigenstates for the massive neutral gauge bosons are defined by
Zµ and Z
′
µ via an SO(2) transformation. Under vϕ ≫ v, v∆, the masses of Zµ and Z ′µ are given
by
m2Z =
g2Z
4
(v2 + 2v2∆) +O
(
v4
v2ϕ
,
v4∆
v2ϕ
,
v2v2∆
v2ϕ
)
, (II.45)
m2Z′ = 4g
2
B−Lv
2
ϕ +
g2mix
4
v2 + (gmix + 2gB−L)
2 v2∆ +O
(
v4
v2ϕ
,
v4∆
v2ϕ
,
v2v2∆
v2ϕ
)
. (II.46)
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Scalar couplings Yukawa couplings Gauge couplings
λ1 λ2 λ3 λ4 λ6 λ7 λ8 yN yD y∆ gB−L gmix
0.02 0.8 0.1 0.1 0.0715 −0.00694 0.41 0.104 1.35× 10−6 0.257 0.233 −0.794
TABLE II: Initial values of the running coupling constants at the Planck scale.
The electroweak rho parameter ρ deviates from unity at the tree level:
ρ ≡ m
2
W
m2Z cos
2 θW
=
v2
v2 + 2v2∆
+O
(
v4
v2ϕ
,
v4∆
v2ϕ
,
v2v2∆
v2ϕ
)
. (II.47)
From the experimental value of the ρ parameter, i.e., ρexp = 1.0004
+0.0003
−0.0004 [26], v∆ is constrained
to be less than a few GeV.
III. NUMERICAL RESULTS
We numerically solve the RGEs to determine the values of the scalar quartic couplings at the
low energy scale and to obtain predictions of the low energy observables such as the mass spectrum
of the scalar bosons. The full set of analytic formulae for the beta functions of all the gauge,
Yukawa and scalar couplings are given in Appendix.
As we mentioned in Sec. II, the global symmetry given in Eq. (II.2) is expected to be restored
in the Higgs potential, by which λ0 and λ5 terms are forbidden at a high energy scale. We thus
set the initial values of λ0 and λ5 to be zero at the Planck scale Mpl = 2.4× 1018 GeV:
λ0 (Mpl) = λ5 (Mpl) = 0. (III.1)
Initial values for all the other coupling constants should be taken to realize the B − L and elec-
troweak symmetry breaking, to satisfy Eq. (II.17), and to reproduce the 125 GeV Higgs boson mass
and the correct order of the neutrino masses, i.e., O(0.1) eV. We find a set of such initial value in
Table II, where all the Yukawa coupling matrices yN , yD and y∆ are assumed to be proportional to
the 3×3 identity matrix for simplicity. With these initial values of gauge and Yukawa couplings, we
can determine the values of these couplings at low energies, because the running of these couplings
are closed by themselves at the one-loop level. At the B − L scale, we obtain yN (vϕ) ≃ 0.10,
yD(vϕ) ≃ 1.3× 10−6 and y∆(vϕ) ≃ 0.17 which gives mIν ≃ 0.080 eV and mIIν ≃ 1.2× 10−3 eV.
First, we discuss the spontaneous breakdown of the U(1)B−L gauge symmetry. In Fig. 3, we
show the scale dependence of the λ6 parameter. The horizontal line denotes the right hand side of
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FIG. 3: The scale dependence of λ6. The right panel focuses on the scale from 10
3 to 105 GeV. We use the
initial values of the coupling constants given in Table II. The orange curve represents the right-hand side of
Eq. (II.10).
FIG. 4: The scale dependence of λ7. The right panel focuses on the scale from 10
3 to 105 GeV. We use the
initial values of the coupling constants given in Table II.
Eq. (II.10). The intersection point of two curves determines the B − L breaking scale, and in this
case, it is determined to be 9.48 TeV, i.e., vϕ = 9.48 TeV as it is also seen in Fig. 2
Second, we discuss the electroweak symmetry breaking. This can be confirmed by checking that
λ7 is given to be a negative value at the B−L breaking scale. In Fig. 3, we show the RGE running
of the λ7 parameter. We can see that the λ7 parameter have a negative value at around 10 TeV,
so that the spontaneous electroweak symmetry breaking is successfully realized.
Third, we show the running of λ1 in Fig. 5. At the scale around 100 GeV, we can see that
λ1 ≃ 0.12 is given which reproduces the Higgs boson mass to be about 125 GeV.
Fourth, the RGE running of λ0, λ4, λ5 and λ8 is shown in Fig. 6. The other couplings λ2
and λ3 do not give an important impact on the low energy observables, so that we do not show
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FIG. 5: The scale dependence of λ1. We use the initial values of the coupling constants given in Table II.
FIG. 6: Scale dependence of λ0, λ4, λ5 and λ8. We use the initial values of the coupling constants given in
Table II.
their running’s. With determined these λ couplings at the B − L breaking scale, we obtain the
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Bounds from ℓ→ 3ℓ
|y12
∆
y11∗
∆
| |y13
∆
y11∗
∆
| |y13
∆
y12∗
∆
| |y13
∆
y22∗
∆
| |y23
∆
y11∗
∆
| |y23
∆
y12∗
∆
| |y23
∆
y22∗
∆
|
2.2× 10−4 0.087 0.048 0.068 0.068 0.068 0.077
Bounds from ℓ→ ℓ′γ∣∣∣∑3a=1 y1a∗∆ y2a∆ ∣∣∣2 ∣∣∣∑3a=1 y1a∗∆ y3a∆ ∣∣∣2 ∣∣∣∑3a=1 y2a∗∆ y3a∆ ∣∣∣2
2.4× 10−6 0.14 0.18
TABLE III: Upper limit on the combinations of yij
∆
from the LFV data under the predictions given in
Eq. (III.3).
predictions for the following quantities:
v∆ = 5.03 × 10−12 GeV, µ = 1.13 × 10−9 GeV, M2∆ = (3.10 × 103)2 GeV2,
mH±± = 3108 GeV, mH± = 3107 GeV, mA = 3106 GeV, (III.2)
mH1 = 124.9 GeV, mH2 = 355.1 GeV, mH3 = 3106 GeV,
R =


1 0 0
0 0 1
0 1 0

+O(10−3). (III.3)
Notice that the result for R tells us that H1, H2 and H3 are almost φR, ϕR and ∆R, respectively.
Around 3 TeV masses for H±±, H±, A and H3 are due toM∆ ≃ 3 TeV which is determined by the
ratio µ/v∆ as it is seen in Eq. (II.21). Furthermore, the order of the ratio µ/v∆ is determined by
µ2∆/v
2 ≃ λ8 v2ϕ/v2 = O(102) from Eqs. (II.17) and (II.12) with λ8 = O(0.1). Thus, the magnitude
of M∆ can be roughly explained by 10× v.
Finally, we discuss the constraint from the LFV processes as it was discussed in Sec. II-C under
the prediction given in Eq. (III.3). Since the masses of the doubly- and singly-charged Higgs bosons
are determined, predictions for the constraints on yij∆ couplings are obtained from the LFV data
given in Eqs. (II.36) and (II.37). In Table III, we list the upper limits on combinations of yij∆
couplings from the ℓ → 3ℓ and ℓ → ℓ′γ types of LFV processes. The most severe constraint is
obtained for the value of |y12∆ y11∗∆ | ≈ 2.2× 10−4 from the µ→ 3e process as compared to the other
combinations.
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IV. CONCLUSION
We have discussed the extension of the minimal HTM with the CCI and with the gauged
U(1)B−L symmetry. Tiny neutrino masses are generated by the hybrid mechanism of the type-I
and the type-II seesaw. In order to determine the shape of the Higgs potential at low energies,
we have prepared the analytic formulae for the one-loop beta functions of all the dimensionless
coupling constants. We have found the set of the initial values of the parameters at the Planck
scale, by which the U(1)B−L symmetry is radiatively broken via the Coleman-Weinberg mechanism
at a O(10) TeV scale. The electroweak symmetry breaking is then successfully triggered by the
U(1)B−L breaking. Under this configuration, we have obtained the prediction for low energy
observables with satisfying the SM-like Higgs boson mass to be about 125 GeV. The masses of
the extra Higgs bosons which are mainly consist of the component fields of the triplet are given to
be around 3 TeV where the doubly-charged Higgs bosons are the heaviest among them. We have
found that the most severe constraint is obtained for the value of |y12∆ y11∗∆ | ≈ 2.2 × 10−4 from the
µ→ 3e process as compared to the other combinations.
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Appendix A: RGE
In this section, we present the analytic formulae for the beta functions of all the dimensionless
coupling constants at one-loop level. The beta functions for the gauge couplings are calculated by
(4π)2
dg1
dt
=
47
6
g31 , (A.1)
(4π)2
dg2
dt
= −5
2
g32 , (A.2)
(4π)2
dg3
dt
= −7g33 , (A.3)
(4π)2
dgB−L
dt
= gB−L
(
16g2B−L +
44
3
gB−Lgmix +
47
6
g2mix
)
, (A.4)
(4π)2
dgmix
dt
= 16g2B−Lgmix +
44
3
gB−L
(
g2mix + g
2
1
)
+
47
6
gmix
(
g2mix + 2g
2
1
)
, (A.5)
where g3 is the SU(3)c gauge coupling constant. The other coupling constants are defined in
Eqs. (II.38), (II.39), (II.40) and (II.41).
Those for the Yukawa couplings [10, 27] are given by
(4π)2
dy∆
dt
=
(
1
2
y†DyD +
1
2
y†ℓyℓ + 3y
†
∆y∆
)T
y∆ + y∆
(
1
2
y†DyD +
1
2
y†ℓyℓ + 3y
†
∆y∆
)
+
[
−3
2
(
g21 + 3g
2
2
)
+ 2Tr(y†∆y∆)
]
y∆, (A.6)
(4π)2
dyℓ
dt
= yℓ
[
3
2
y†ℓyℓ −
3
2
y†DyD + 3y
†
∆y∆ + 3y
2
t +Tr(y
†
ℓyℓ + y
†
DyD)−
15
4
g21 −
9
4
g22
]
, (A.7)
(4π)2
dyD
dt
= yD
[
3
2
y†DyD + 3y
†
∆y∆ −
3
2
y†ℓyℓ + 3y
2
t +Tr(y
†
ℓyℓ + y
†
DyD)−
3
4
g21 −
9
4
g22
]
, (A.8)
(4π)2
dyt
dt
= yt
(
9
2
y2t − 8g23 −
9
4
g22 −
17
12
g21 −
17
12
g2mix −
2
3
g2B−L −
5
3
gmixgB−L
)
, (A.9)
(4π)2
dyN
dt
= yN
[
4y†NyN + 2Tr(y
†
NyN )− 6g2B−L
]
, (A.10)
where yt is the top Yukawa coupling.
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Those for the scalar quartic couplings are given by
(4π)2
dλ1
dt
= 24λ21 + 2λ
2
0 + 3λ
2
4 + λ
2
7 + 3λ4λ5 +
5
4
λ25 +
3
8
[
2g42 +
(
g22 + g
2
1 + g
2
mix
)2]
− 3λ1
(
3g22 + g
2
1 + g
2
mix
)− 6y4t + 12λ1y2t , (A.11)
(4π)2
dλ2
dt
= 28λ22 + 24λ2λ3 + 6λ
2
3 + 2λ
2
4 + 2λ4λ5 + λ
2
8 + 15g
4
2 + 12g
4
1 − 12g21g22
+ 66 (2gB−L + gmix)
4 − 12 (g21 + g22) (2gB−L + gmix)2
+ 4λ2
[
−6g22 − 3g21 − 3g2mix − 3
(
2gB−L + gmix
)2
+ 2Tr(y†∆y∆)
]
, (A.12)
(4π)2
dλ3
dt
= 18λ23 + 24λ2λ3 + λ
2
5 − 6g42 − 12g41 + 24g21g22 − 4Tr(y∆y†∆y∆y†∆)
− 60 (2gB−L + gmix)4 + 24
(
g21 + g
2
2
)
(2gB−L + gmix)
2
+ 4λ3
[
−6g22 − 3g21 − 3g2mix − 3 (2gB−L + gmix)2 + 2Tr(y†∆y∆)
]
, (A.13)
(4π)2
dλ4
dt
= 4λ24 + 12λ1λ4 + 16λ2λ4 + 12λ3λ4 + 4λ1λ5 + 6λ2λ5 + 2λ3λ5 + λ
2
5 + 4λ7λ8
+ 6g42 + 3g
4
1 − 6g21g22 + 3g2mix (2gB−L + gmix)2 − 2g22gmix (2gB−L + gmix)
−
[
2Tr
(
yTDy∆y
†
∆y
∗
D
)
+ 4Tr
(
yTℓ y∆y
†
∆y
∗
ℓ
)
+ c.c.
]
+ λ4
[
−33
2
g22 −
15
2
g21 −
15
2
g2mix − 6 (2gB−L + gmix)2 + 6y2t + 4Tr(y†∆y∆)
]
, (A.14)
(4π)2
dλ5
dt
= λ5
[
4λ1 + 4λ2 + 8λ3 + 8λ4 + 4λ5
− 33
2
g22 −
15
2
(g21 + g
2
mix)− 6 (2gB−L + gmix)2 + 6y2t + 4Tr(y†∆y∆)
]
+ 8λ20 + 12g
2
1g
2
2 + 12g
2
2gmix (2gB−L + gmix)−
[
4Tr
(
yTℓ y∆y
†
∆y
∗
ℓ
)
+ c.c.
]
, (A.15)
(4π)2
dλ6
dt
= 20λ26 + 2λ
2
7 + 3λ
2
8 + 96g
4
B−L − 48λ6g2B−L − 8Tr(y†NyNy†NyN) + 8λ6Tr(y†NyN), (A.16)
(4π)2
dλ7
dt
= 4λ27 + 12λ1λ7 + 8λ6λ7 + 6λ4λ8 + 3λ5λ8 + 12λ
2
0
+ λ7
[
−9
2
g22 −
3
2
g21 −
3
2
g2mix − 6 (2gB−L + gmix)2 + 6y2t + 8Tr(y†NyN )
]
, (A.17)
(4π)2
dλ8
dt
= 4λ28 + λ7 (4λ4 + 2λ5) + λ8 (16λ2 + 12λ3 + 8λ6) + 4λ
2
0 + 96g
4
B−L
+ λ8
[
−12g22 − 6g21 − 6g2mix − 6 (2gB−L + gmix)2 + 4Tr(y†∆y∆) + 8Tr(y†NyN )
]
, (A.18)
(4π)2
dλ0
dt
= λ0
[
4λ1 + 4λ4 + 6λ5 + 4λ7 + 2λ8 − 21
2
g22 −
9
2
g21 − 3 (2gB−L + gmix)2
+ 4Tr(y†NyN ) + 2Tr(y
†
∆y∆) + 6y
2
t
]
− 4
[
Tr(yNy
†
Dy
∗
∆y
∗
D) + c.c.
]
. (A.19)
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